
The flow of water in an open channel under the hypothesis of small
perturbations

Joana Vaz Baltazar
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Abstract

In order to study the flow of water in an open channel in presence of small perturbations, two mathematical
models are presented: the model P0, inspired in [3], is defined in an unbounded three-dimensional domain, and
the model P1, obtained from P0 due to the necessity to truncate the domain for numerical purposes. The equa-
tion of motion in the fluid domain is the Laplace equation for the velocity potential function. Both models are
second order evolution problems in time on the free surface of the domain. In P1, artificial boundary conditions
are added which simulate fluid inflow and outflow. Both models have unique weak solutions, constructed by
means of Galerkin method and energy estimates in appropriate function spaces.

Problem P1 is discretized in time by the implicit Euler method and in space by the finite element method.
The stability of this approximation is guaranteed by discrete energy estimates. Numerical simulations are
presented for this problem in a simplified two-dimensional domain. The results show the velocity profiles in
three different geometries of the channel’s base.

Keywords: channel, Laplace equation, evolution problem, Galerkin method, implicit Euler method, finite
element method.

1 Introduction

The flow of a liquid in a channel or with a free surface occurs when ”part of its contour is in contact with
the atmosphere or with another gaseous medium” (see [10]). Dautray and Lions presented, in [3], a three-
dimensional model for the flow of water in a channel under the hypothesis of small perturbations, which is the
basis for this work. The unknown to be determined is the potential velocity function, which obeys the Laplace
equation in the fluid domain. The presence of waves on the free surface leads to a second order in time partial
differential equation.

In this work, this model will be altered. First, the free boundary condition will account for the effect of
gravity on the water. Next, some function spaces are introduced and used to prove the well-posedness of the
problem through Galerkin method and energy estimates.

In section 2, a model for an unbounded domain is introduced and its well-posedness is analyzed. In section
3, a problem for a truncated bounded domain, with artificial boundary conditions is formulated; then, this
is mathematically analyzed and numerically approximated. To conclude, some numerical simulations for a
two-dimensional domain are presented. Finally, some conclusions of this work are presented.

2 Model for an unbounded domain: problem P0

2.1 Problem formulation

Problem P0 is inspired in a model by Dautray and Lions [3]. It studies the flow of water on an unbounded
domain Ω ⊂ R3, with boundary ∂Ω = Γ1 ∪ Γ2, under the hypothesis of small perturbations. Γ1 is the free
surface and Γ2 is the channel’s base.

Let v ≡ v(x, t) be the fluid’s velocity in the domain during time, with x = (x1, x2, x3) and v : R3 × R →
R3, v = (v1, v2, v3). Due to the properties of water (isotropic incompressible Newtonian fluid) ∇ · v = 0, and
by the hypothesis of irrotational flow, there is a scalar function u ≡ u(x, t) called velocity potential, such that
v = ∇u (see [2]). So, the equation of motion in the fluid domain is the Laplace equation for the velocity
potential function.

The problem consists in finding u : ΩT → R, ΩT := Ω × [0, T ], where T is the final instant of time, as a
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solution of

∆u = 0 in ΩT , (1a)

∂2u

∂t2
+ g

∂u

∂n
= 0 on Γ1 × [0, T ] = ΣT,1, (1b)

∂u

∂n
= 0 on Γ2 × [0, T ] = ΣT,2, (1c)

u(., 0) = u0 on Γ1, (1d)

∂u

∂t
(., 0) = u1 on Γ1, (1e)

where n is the exterior unit normal to ∂Ω and u0 = u0(x) and u1 = u1(x), with x ∈ Γ1, are given functions.
The condition on ΣT,1 is obtained combining the dynamic and boundary conditions for the free surface (see,

for example, [2]), considering, unlike [3], the action of gravity on the water. The condition on ΣT,2 is a kinematic
boundary condition. This is a second order evolution problem in time on the free surface.

2.2 Mathematical analysis of the solution of the problem P0

In what follows, H1(Ω) is the classical Hilbertian Sobolev space, C∞c (Ω) is the space of infinitely differentiable
functions with a compact support in Ω and L2(.) is the space of square-integrable functions. For simplicity,
the norm in L2(Ω) is denoted by ||.|| and its inner product by (., .). The norm in L2(Γ1) is denoted by ||.||Γ1

and its inner product by (., .)Γ1 . Finally, for a Banach space X, we consider the Bochner space L2(0, T ;X) of
square-integrable functions on [0, T ] with values in X and the space L∞(0, T ;X). The space C([0, T ];X) of
continuous functions on [0, T ] with values in X will also be used.

The space X∗ indicates the colection of all linear bounded functionals on the space X. X∗ is the dual space
of X and 〈., .〉 denotes the duality product between these spaces.

Consider the space of locally integrable functions with locally integrable gradient:

H1
loc(Ω̄) =

{
f : Ω→ R| f ∈ H1(Ωl), ∀Ωl ⊂ Ω bounded open set

}
, (2)

and the space:

Definition 2.1. V = C∞c (Ω̄), with respect to the norm

‖f‖V =

√∫
Ω

|∇f |2 dx+

∫
Γ1

|f |2 dΓ1. (3)

Theorem 2.1. V is a Hilbert space for the inner product (f1, f2)V = (∇f1,∇f2) + (f1, f2)Γ1
associated with

the norm (3).

It can be easily seen that V =
{
f : Ω→ R| f ∈ H1

loc(Ω̄), ∇f ∈ (L2(Ω))3 and f |Γ1
∈ L2(Γ1)

}
(see [3]).

Definition 2.2. V is the space of traces f̄ = f|Γ1
, f ∈ V , with the norm ||f̄ ||V = ||f ||V .

Then V ↪→ L2(Γ1) ↪→ V∗ is a Hilbert triple, with dense injections, since C∞c (Ω̄) ⊂ V .

Now, our aim is to obtain a weak solution of the problem (1). Let a be the bilinear form

a(f1, f2) :=

∫
Ω

∇f1 · ∇f2 dx (f1, f2 ∈ V ). (4)

In particular, a(f) := a(f, f) = ||∇f ||2 (f ∈ V ).
Define a function u : [0, T ] → V by [u(t)](x) := u(x, t) (x ∈ Ω, 0 ≤ t ≤ T ). Then, a function u depending

on t with values in the space of functions V depending on x can be considered. Using the notation ′ :=
d

dt
and

multiplying equation ∆u = 0 by a test function φ ∈ V and using integration by parts (see [4]) on Ω suggests:

Definition 2.3 (Weak formulation of the problem P0). A function u ∈ L2(0, T ;V ), with u′|Γ1
∈ L2(0, T ;L2(Γ1))

and u′′|Γ1
∈ L2(0, T ;V∗) is a weak solution of problem (1) if

1

g
〈u′′, φ〉Γ1

+ a(u, φ) = 0, ∀φ ∈ V, in [0, T ], (5a)

u(0) = u0 on Γ1, (5b)

u′(0) = u1 on Γ1. (5c)

2



Theorem 2.2 (Existence and uniqueness of solution of the problem P0). Assume that u0 is the trace of û0 ∈ V
on Γ1, u1 ∈ L2(Γ1) and

1

g
〈u′′, φ〉Γ1

+ a(u, φ) = 0, ∀φ ∈ V, in [0, T ]. (6)

Then, there is an unique function u such that u ∈ L∞(0, T ;V ), u′|Γ1
∈ L∞(0, T ;L2(Γ1)), u′′|Γ1

∈ L∞(0, T ;V∗)
satisfying conditions (1a), (1b) and (1c) of (1) (see [3]).

As a consequence u ∈ C([0, T ];L2(Γ1)) and u′|Γ1
∈ C([0, T ];L2(Γ1)), so that (5b) and (5c) are meaningful.

In the following it is presented just a sketch of the theorem’s proof by means of the Galerkin method.

Let γk = γk(x) be smooth functions with compact support in Ω̄. Fix m ∈ N and let {γ1, ..., γm} be a basis
of the space Vm and {γ1|Γ1 , · · · , γm|Γ1} be a basis of Vm. The first step of Galerkin method is to consider a
finite dimension approximation um ∈ Vm of the weak solution:

um(t) :=

m∑
k=1

dkm(t)γk, (7)

where the coefficients dkm(t) are such that

ûm(0) = PVm û0, (8a)

u′m(0) = PVmu1, (8b)

1

g
(u′′m, γk)Γ1

+ a(um, γk) = 0, 0 ≤ t ≤ T, k = 1, · · · ,m. (8c)

PVm
is the projection operator of V in Vm and PVm is the projection operator of L2(Γ1) in Vm. The objective

is to look for a function um given by (7) which satisfies the “projection” (8c) of the problem (1) in the finite
dimension subspace Vm. This function um exists and is unique, for every m ∈ N.

Theorem 2.3 (Energy estimates). There is a positive constant C, depending on T and on the initial conditions,
such that

max
0≤t≤T

(
||u′m(t)||Γ1

+ ||um(t)||V + ||u′′m||L2(0,T ;V∗)
)
≤ C (||u1||Γ1

+ ||û0||V ) , m ∈ N. (9)

The second step of the method is to pass to limits in the Galerkin approximations. Due to the energy
estimates there is a subsequence of the approximating solutions which converges weakly. It is proven that exists
u ∈ L2(0, T ;V ), with u′ ∈ L2(0, T ;L2(Γ1)) and u′′ ∈ L2(0, T ;V∗) which satisfies (5).

In order to write the results as given in [3] consider the following functional spaces:

Definition 2.4.

E =

{
f : Ω→ R : f ∈ H1

loc(Ω̄), ∆f = 0 in ΩT , f |Γ1 ∈ L2(Γ1) and
∂f

∂n
= 0 on Γ2

}
, (10)

with inner product (f1, f2)E = (f1, f2)Γ1
, associated to the norm ||f ||E = ||f ||Γ1

.

Definition 2.5. I is the space of traces f̄ = ∂f
∂n

∣∣∣
Γ1

, with f ∈ V and the norm ||f̄ ||I = ||f ||V , ∂f
∂n

∣∣∣
Γ1

= f̄ .

In conclusion, u ∈ L∞(0, T ;V ), u′ ∈ L∞(0, T ;E), u′|Γ1
∈ L∞(0, T ;L2(Γ1)) and u′′|Γ1

∈ L∞(0, T ; I).

3 Model for a bounded domain: problem P1

3.1 Problem formulation

In order to obtain simulations for the model, the domain Ω ⊂ R3 must be bounded. In this sense, artificial
boundary conditions are added on the laterals of Ω: Γ31 ∪ Γ3 ∪ Γ32 forms the left boundary and Γ4 is the right
boundary.

An inflow condition is defined on Γ3 following the Law of Poiseuille (see [7]). Note that ∂u
∂n = −v1 on

Γ31 ∪ Γ3 ∪ Γ32.
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Problem P1 consists in finding the velocity potential u ≡ u(x, t), u : ΩT → R as a solution of

∆u = 0 in ΩT , (11a)

∂2u

∂t2
+ g

∂u

∂n
= 0 on ΣT,1, (11b)

∂u

∂n
= 0 on ΣT,2 ∪ ΣT,31 ∪ ΣT,32, (11c)

∂u

∂n
= −G1 on ΣT,3, (11d)

u = G2 on ΣT,4, (11e)

u(., 0) = u0 on Γ1, (11f)

∂u

∂t
(., 0) = u1 on Γ1, (11g)

where u0 = u0(x) and u1 = u1(x) are known functions. This is also a second order evolution problem in time
on ΣT,1. Functions G1 and G2 are, respectively, given by

G1(x, t) = C3V3

(
1− (x2 −A/2)2

R2

)
Φ3(t), with x2 ∈ [A/2−R,A/2 +R]; G2(x, t) = U4(x)Φ4(t), (12)

where A is the domain’s height, R is the radius of the inflow tube, C3 is a constant and V3 is a mean inflow
velocity. G1 is zero in A/2±R and has a maximum value in A/2.

The mathematical analysis for this problem is done for a homogeneous Dirichlet condition. Let ū ≡ ū(x, t),
ū : ΩT → R, be such that ū = G2 on ΣT,4. Define ΓN := Γ2 ∪ Γ31 ∪ Γ3 ∪ Γ32, ΓD := Γ4 and w := u − ū,
w : ΩT → R. So, w will be the solution of the problem

∆w = −H in ΩT , (13a)

∂2w

∂t2
+ g

∂w

∂n
= −F on ΣT,1, (13b)

∂w

∂n
= −G on ΣT,N , (13c)

w = 0 on ΣT,D, (13d)

w(., 0) = w0 on Γ1, (13e)

∂w

∂t
(., 0) = w1 on Γ1, (13f)

where H = ∆ū, F =
∂2ū

∂t2
+g

∂ū

∂n
, G =

{
∂ū
∂n on (ΣT,2 ∪ ΣT,31 ∪ ΣT,32) ,

G1 + ∂ū
∂n on ΣT,3

, w0 = w0(x) e w1 = w1(x) are known

functions.

3.2 Mathematical analysis of the solution of the problem P1

Define the space of functions with zero trace on part of the boundary:

Definition 3.1.

V =
{
f ∈ H1(Ω) : f |Γ4 = 0

}
. (14)

Theorem 3.1. V is a Hilbert space for the inner product that induces the norm ||f ||V =
√
||∇f ||2 + ||f ||2Γ1

.

Space V is defined as before, but for this new space V .

Similarly to problem P0, the functions are redefined as w : [0, T ] → V smooth, F ∈ L∞(0, T ;L2(Γ1)),
G ∈ L∞(0, T ;L2(ΓN )) and H ∈ L∞(0, T ;L2(Ω)). Then, w depends on t, with values in the functional space
V , and F , G and H are functions of t with values in L2(.). Therefore, using integration by parts on Ω after
multiplying the equation in the fluid domain by a test function φ ∈ V , it can be deduced the weak problem:

Definition 3.2 (Weak formulation of the problem P1). Given functions F , G and H regular enough, w ∈
L2(0, T ;V ), with w′|Γ1

∈ L2(0, T ;L2(Γ1)) and w′′|Γ1
∈ L2(0, T ;L2(Γ1)) is a weak solution of the problem (13)
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if

1

g
(F, φ)Γ1

+
1

g
(w′′, φ)Γ1

+ (G,φ)ΓN
+ a(w, φ) = (H,φ), ∀φ ∈ V, in [0, T ], (15a)

w(0) = w0 on Γ1, (15b)

w′(0) = w1 on Γ1. (15c)

Theorem 3.2 (Existence and uniqueness of solution of the problem P1). Suppose that w0 is the trace of
ŵ0 ∈ V on Γ1, w1 ∈ L2(Γ1), F ∈ L∞(0, T ;L2(Γ1)), G ∈ L∞(0, T ;L2(ΓN )), G′ ∈ L∞(0, T ;L2(ΓN )), H ∈
L∞(0, T ;L2(Ω)), H ′ ∈ L∞(0, T ;L2(Ω)). Then, there is an unique function w such that w ∈ L∞(0, T ;V ),
w′|Γ1

∈ L∞(0, T ;L2(Γ1)), w′′|Γ1
∈ L∞(0, T ;L2(Γ1)) and it is a weak solution which verifies conditions (15a)-

(15c).

Then, w ∈ C([0, T ];L2(Γ1)) and w′|Γ1
∈ C([0, T ];L2(Γ1)).

Similarly as before it is just presented the path of the theorem’s proof by means of the Galerkin method.
First, define the finite dimensional Galerkin approximation wm ∈ Vm of the weak solution as:

wm(t) :=

m∑
k=1

dkm(t)γk, where {γ1, ..., γm} is a basis for Vm and the coefficients dkm(t) satisfy similar conditions

to (8) for wm. This function wm will verify the “projection” of the problem (13) in Vm. There is an unique
function wm, ∀m ∈ N, in such conditions.

Theorem 3.3 (Energy estimates). There is a constant C, depending on T and on the initial conditions, such
that

max
0≤t≤T

(||w′m(t)||Γ1 + ||wm(t)||V + ||w′′m||L2(0,T ;L2(Γ1))) ≤ C(||w1||Γ1 + ||ŵ0||V +

+ ||G(0)||ΓN
+ ||H(0)||+ ||G||L∞(0,T ;L2(ΓN )) + ||H||L∞(0,T ;L2(Ω)) + ||F ||L2(0,T ;L2(Γ1))+

+ ||G||L2(0,T ;L2(ΓN )) + ||G′||L2(0,T ;L2(ΓN )) + ||H||L2(0,T ;L2(Ω)) + ||H ′||L2(0,T ;L2(Ω))), m ∈ N.

(16)

Using this estimates and passing to limits in the Galerkin approximations it can be concluded that there is
w ∈ L2(0, T ;V ), with w′|Γ1

∈ L2(0, T ;L2(Γ1)) and w′′|Γ1
∈ L2(0, T ;L2(Γ1)) which verifies (15). Indeed, it can

be deduced that w ∈ L∞(0, T ;V ), w′|Γ1
∈ L∞(0, T ;L2(Γ1)) and w′′|Γ1

∈ L∞(0, T ;L2(Γ1)).

3.3 Numerical approximation of the problem P1

3.3.1 Approximation in time

The second order in time evolution problem can be transformed into a first order problem through the change
of variable ϕ = ∂w

∂t em Ω̄T .

The numerical solution of this problem is a sequence
{
wi+1

}
i∈N. The interval [0, T ] is discretized in (Nt +1)

points, where ti = ∆t i, i = 0, ..., Nt, with the time step ∆t = T/Nt. Let wi+1 be the approximation of
w(x, ti+1). The derivative is approximated by the first order implicit Euler method, which is unconditionally
stable:

wi+1 ≈ wi + ∆t
∂wi+1

∂t
. (17)

Then ϕ can be eliminated and the semidiscrete (in time) problem is obtained:

∆wi+1 = −Hi+1 in Ω, (18a)

wi+1 − 2wi + wi−1

(∆t)2
+ g

∂wi+1

∂n
= −F i+1 on Γ1, (18b)

∂wi+1

∂n
= −Gi+1 on ΓN , (18c)

wi+1 = 0 on Γ4, (18d)

w0 = w0 in Ω̄, (18e)

w1 = w0 + ∆t w1 on Γ1. (18f)

This scheme needs initial conditions w0 in Ω̄ and w1 on Γ1.

5



Multiplying equation (18a) by a test function and integrating by parts on Ω leads to the weak formulation
of the semidiscretized problem, which consists in finding wi+1 ∈ V such that

b(wi+1, φ) + L(φ) = 0, ∀φ ∈ V, i = 1, . . . , Nt, (19a)

w0 = w0, (19b)

w1 = w0 + ∆t w1, (19c)

with

b : V × V → R, the bilinear form b(ψ, φ) =
1

g(∆t)2
(ψ, φ)Γ1

+ a(ψ, φ), and (20)

L : V → R, the linear form L(φ) =
1

g
(F i+1, φ)Γ1

+
1

g

(
wi−1 − 2wi

(∆t)2
, φ

)
Γ1

+ (Gi+1, φ)ΓN
− (Hi+1, φ), (21)

knowing wi−1 e wi. b is coercive and continuous in V , and L is also continuous in V . So, by the Lax-Milgram
theorem (see [4]) the problem (19) has an unique solution wi+1 ∈ V .

3.3.2 Approximation in space

The space approximation is done by the finite element method. The bounded domain Ω is approximated by a
polygonal domain Ωh, Ω̄h = ∪T∈ThT, where T is a polyhedron in Rd, d = 2, 3 (see [8]). Th is the mesh of Ω̄h.
Γ1h and ΓNh are the approximations of Γ1 and ΓN , respectively.

Let {Vh, h > 0}, with Vh ⊂ V and dimVh = Nh < ∞, be such that Vh = {φ ∈ V : φ|T ∈ Pk(T ), ∀T ∈ Th}
(k ∈ N), with Pk the space of polynomials in x of degree less or equal to k. The Galerkin approximation for the
problem (19) for w0h and w1h approximating w0 e w1, respectively, consists in finding wi+1

h ∈ Vh such that

b(wi+1
h , φh) + L(φh) = 0, ∀φh ∈ Vh, i = 1, . . . , Nt, (22a)

(w0
h, φh)Γ1h

= (w0h, φh)Γ1h
, ∀φh ∈ Vh, (22b)

(w1
h, φh)Γ1h

= (w0h + ∆t w1h, φh)Γ1h
, ∀φh ∈ Vh. (22c)

Let Xj ∈ Rd, j = 1, ..., Nh be the node points of the mesh and {γhj}j=1,...,Nh
be a basis of Vh, with

γhj ≡ γhj(x) defined such that γhj(Xn) = δjn. The approximation wi
h ∈ Vh is defined as:

wi
h(x) =

Nh∑
j=1

wk
hjγhj(x), i = 0, · · · , Nt. (23)

So, the unknowns are W i+1
h =

(
wi+1

h1 , ..., wi+1
hNh

)T
.

The stability of the numerical approximation is guaranteed by the following discrete energy estimate (adapted
from [1]), where ||.||Γ1h

denotes the norm in L2(Γ1h), ||.||ΓNh
is the norm in L2(ΓNh) and ||.|| is the norm in

L2(Ωh).

Lemma 3.1 (Energy estimate of the numerical approximation). Assume that (w0h, w1h) ∈ Vh × Vh. Then,
easch solution (wi

h)0≤i≤Nt of (22) satisfies for 1 ≤ i ≤ Nt − 1,

1

g

∥∥∥∥∥wi+1
h − wi

h

∆t

∥∥∥∥∥
2

Γ1h

+
∥∥∇wi+1

h

∥∥2 ≤ C
(

1

g
||w1h||2Γ1h

+ ||∇w0h||2 + (∆t)2||∇w1h||2 + ||F ||2L∞(0,T ;L2(Γ1h))+

+||G||2L∞(0,T ;L2(ΓNh)) + ||H||2L∞(0,T ;L2(Ωh)) + ∆t

Nt−1∑
k=1

[
1

g2

∥∥∥∥F k+1 − F k

∆t

∥∥∥∥2

L∞(0,T ;L2(Γ1h))

+

+

∥∥∥∥Gk+1 −Gk

∆t

∥∥∥∥2

L∞(0,T ;L2(ΓNh))

+

∥∥∥∥Hk+1 −Hk

∆t

∥∥∥∥2

L∞(0,T ;L2(Ωh))

])
, with C constant and ∆t > 0.

(24)
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Using (23) and taking φh = γhl, l = 1, ..., Nh, in (22) (see [5, 6]) this problem is equivalent to

1

g
(F i+1, γhl)Γ1h

+
1

g(∆t)2

Nh∑
j=1

wi+1
hj (γhl, γhj)Γ1h

− 2

g(∆t)2

Nh∑
j=1

wi
hj(γhl, γhj)Γ1h

+

+
1

g(∆t)2

Nh∑
j=1

wi−1
hj (γhl, γhj)Γ1h

+ (Gi+1, γhl)ΓNh
+

+

Nh∑
j=1

wi+1
hj a(γhl, γhj) = (Hi+1, γhl), l = 1, ..., Nh,

(25a)

Nh∑
j=1

w0
hj(γhl, γhj)Γ1h

= (w0h, γhl)Γ1h
, l = 1, . . . , Nh, (25b)

Nh∑
j=1

w1
hj(γhl, γhj)Γ1h

= (w0h + ∆t w1h, γhl)Γ1h
, l = 1, . . . , Nh. (25c)

This problem can be written in matricial form, where the matrix of the system is symetric definide positive
(since b is coercive in Vh). Then, the linear system can be solved by the Cholesky method (see [5]).

3.4 Numerical simulations of the problem P1

Here the software FreeFem++ was used, where non-homogenous Dirichlet conditions can be directly handled.
So, the numerical results correspond to the problem (11), after obtaining the weak formulation of that problem
after approximation in time, similarly to what was done for problem (13), with initial conditions u0 = 0 e
u1 = 0. The functional space chosen is the space of polynomials of the first degree and the solver selected is
Cholesky.

Since natural channels have variable sections two geometries of a two-dimensional domain are presented
which assume variations in the channel’s base, besides the one where the bottom is horizontal.

In the inflow-outflow conditions, C3 = 2, that is, the maximum inflow velocity is 2V3m/s; v1 = V4 and
v2 = 0, thus U4(x) = V4x1|Γ4

= CV4, with C the length of the channel and

Φ3(t) =

{
0, t < 0
t2

1+t2 , t ≥ 0
, Φ4(t) =

{
0, t ≤ a

(t−a)2

1+(t−a)2 , t > 0
. (26)

The delay a of the outflow, in relation to the inflow, is imposed in order to make the outflow condition as
unnoticeable as possible and in accordance to what is expected in reality.

The mean velocities V3 e V4 are calculated by the relation Q = A×V, where Q is the flux of water through the
surface with area A. The chosen values for Q are small, in order to respect the hypothesis of small perturbations.
Consider the following data:

Table 1: Data values.

Data Values
Inflow flux Q3 0.03m3/s
Radius of the inflow tube R 0.25m
Outflow flux Q4 0.003m3/s
Height of the channel A 0.6m
Width of the channel l 0.6m

Data Values
Length of the channel C 5m
Outflow instant a 5s
Gravity g 9.8m2/s
Final time Tf 10s
Step time ∆t 0.1s

The following velocity profiles are obtained from the relation v = ∇u after determining u.

3.4.1 Simulations for geometry 1

The generated mesh for the following geometry has 6156 triangles and 3254 vertices.

(a) (b)

Figure 1: Geometry 1.
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(a) Time t = 0.2s. (b) Time t = 5s.

(c) Time t = 10s.

Figure 2: Velocity profile for geometry 1.

Velocities decrease from upstream to downstream. The imposition of outflow is slightly noticed.
In every point the velocity of the particles passing by vary from time to time and the particles’ velocity vary

along their trajectories. This confirms, as expected, that the flow is unsteady and varied.
Near the entrance the velocity profile is similar to a parabolic profile, as expected. The particles when

stepping away from the entrance follow regular trajectories and the flow resembles the movement of overlapping
thin layers of fluid. Thus, the flow is laminar, as expected.

Consider the Neumann condition ∂u
∂n = V4Φ4(t) on Γ4.

(a) Time t = 0.2s. (b) Time t = 5s.

(c) Time t = 10s.

Figure 3: Velocity profile for geometry 1 with a Neumann condition on Γ4.

The velocity at the exit is lower for the Neumann condition. The fact that the domain was truncated is less
evident for this condition, that is the flow would have a similar behavior if the channel had not been not cut at
that point.
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3.4.2 Simulations for geometry 2

The mesh used for geometry 2 (with the same dimensions as geometry 1) has 5994 triangles and 3173 vertices.
The ondulation is created by the function 0.05 sin(4πx1).

(a) (b) Time t = 0.2s.

(c) Time t = 5s. (d) Time t = 10s.

Figure 4: Velocity profile for geometry 2.

The velocity increases on the waves crests and decreases on their sides. Velocity varies with time and along
the length of the channel. So, the flow is unsteady and varied. Near the entrance the profile is similar to a
parabola; near the channel’s base the particles follow a wave trajectory and as they approach the surface they
tend to follow a horizontal trajectory. Thus, the flow is laminar.

3.4.3 Simulations for geometry 3

The generated mesh for the following geometry has 6433 triangles and 3411 vertices.

(a) (b)

Figure 5: Geometry 3.

(a) Time t = 0.2s. (b) Time t = 5s.
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(c) Time t = 10s.

Figure 6: Velocity profile for geometry 3.

The particles of water at the bottom follow the step. At t = 5s, the particles’ velocity increases when they
go up the step, and then decreases. At the final instant, that increment is clearer and lasts for a greater length
of the step, before decreasing again. There is a region behind the step with low velocities, over which there are
particles with higher velocities going up the step.

4 Conclusions

The aim of this article is to look for a weak solution of the problem (1) appropriated to the application of the finite
element method. Problem P0 has an unique weak solution, proved by means of Galerkin method and energy
estimates, for which the norms in Banach spaces of the approximations um, u′m and u′′m are uniformly bounded.
There is a solution u ∈ L∞(0, T ;V ), u′|Γ1

∈ L∞(0, T ;L2(Γ1)), u′′|Γ1
∈ L∞(0, T ;V∗) and u ∈ C([0, T ];L2(Γ1)),

u′|Γ1
∈ C([0, T ];L2(Γ1)).

In order to obtain numerical simulations of the problem P0 the domain must be truncated, leading to the
problem P1. This also has an unique solution w, related to u by w := u− ū, with ū an extension of the Dirichlet
data. It can be proved following a similar process to the one used for the problem P0, that w ∈ L∞(0, T ;V ),
w′|Γ1

∈ L∞(0, T ;L2(Γ1)), w′′|Γ1
∈ L∞(0, T ;L2(Γ1)) and w ∈ C([0, T ];L2(Γ1)), w′|Γ1

∈ C([0, T ];L2(Γ1)).
The numerical approximation of the problem P1 is stable due to discrete energy estimates, where the

bounding of the approximating solution depends on the initial conditions and on known functions.
Considering variations on the bottom of the channel we conclude that the velocity increases on the edges of

the surfaces. At the entrance the velocity profile is parabolic, as imposed. Along the channel the particles tend
to follow its shape, that is, they have regular trajectories. With the outflow Neumann condition for geometry
1, it is not so clear the imposition of outflow.

References

[1] Bernardi, C. & Suli, E. (2005). Time and space adaptivity for the second-order wave equation. Mathematical Models
and Methods in Applied Sciences, Volume 15, n. 2, 199. doi: 10.1142/S0218202505000339.

[2] Dalrymple, R. A. & Dean, R. G. (2000). Water wave mechanics for engineers and scientists. Advanced Series on
Ocean Engineering, Volume 2. World Scientific, Singapure.

[3] Dautray, R. & Lions, J. L. (1985). Analyse mathmatique et calcul numérique pour les sciences et les techniques.
Volume 3. Masson, Paris.

[4] Evans, L. C. (2010). Partial Differential Equations. Graduate Studies in Mathematics, Volume 19. American Math-
ematical Society.

[5] Johnson C. (2009). Numerical solution of partial differential equations by the finite element method. Dover Publica-
tions, New York.

[6] Joly, P. (2003). Variational Methods for Time-Dependent Wave Propagation Problems. Lecture Notes in Computa-
tional Science and Engineering, Volume 31, 201-264. doi: 10.1007/978-3-642-55483-4 6.

[7] Noble, M., Stergiopulos, N. & Westerhof, N. (2010). Snapshots of Hemodynamics. An Aid for Clinical Research and
Graduate Education. Springer, USA.

[8] Quarteroni, A. & Valli, A. (2008) Numerical Approximation of Partial Differential Equations, Springer Series in

Computational Mathematics, Volume 23.

10


	Introduction
	Model for an unbounded domain: problem P0
	Problem formulation
	Mathematical analysis of the solution of the problem P0

	Model for a bounded domain: problem P1
	Problem formulation
	Mathematical analysis of the solution of the problem P1
	Numerical approximation of the problem P1
	Approximation in time
	Approximation in space

	Numerical simulations of the problem P1
	Simulations for geometry 1
	Simulations for geometry 2
	Simulations for geometry 3


	Conclusions

